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Abstract. In this paper, we first investigate the integral curvature condition 
to extend the mean curvature flow of submanifolds in a Riemannian manifold 
with codimension d > I, which generalizes the extension theorem for the mean 
curvature flow of hypersurfaces due to Le-Sesum I12| and the authors |25l 
126) . Using the extension theorem, we prove two convergence theorems for the 
mean curvature flow of closed submanifolds in i?""'"'* under suitable integral 
curvature conditions. 



Let Fq : Af" — > N^+"- be a smooth immersion from an n-dimensional Riemann- 
ian manifold without boundary to an (n + d)-dimensional Riemannian manifold. 
Consider a one-parameter family of smooth immersions F : M x [0,T) — > satis- 
fying 



where is the normal component of ■^F{x,t), H{x,t) is the mean 

curvature vector of Ft{M) and Ft{x) = F{x,t). We call F : M x [0,T) ^ N the 
mean curvature flow with initial value Fq : AI ^ N. This is the general form of the 
mean curvature flow, which is a nonlinear weakly parabolic system and is invariant 
under reparametrization of M. We can find a family of diffeomorphisms (pt M —>■ 
M for t e [0, T) such that Ft ^ Ft o (j)t : M ^ N satisfies ^^F{x, t) = H{x, t). We 
will study the (reparameterized) mean curvature flow 



In [2] , Brakke introduced the motion of a submanifold by its mean curvature in 
arbitrary codimension and constructed a generalized varifold solution for all time. 
For the classical solution of the mean curvature flow, most works have been done 
on hypersurfaces. Huisken [31 [TU] showed that if the second fundamental form is 
uniformly bounded, then the mean curvature flow can be extended over the time. 
He then proved that if the initial hypersurface in a complete manifold with bounded 
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1. Introduction 



F{x,0)=Fa{x), 



(1.1) 
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geometry is compact and uniformly convex, then the mean curvature flow converges 
to a round point in finite time. Many other beautiful results have been obtained, 
and there are various approaches to study the mean curvature flow of hypersurfaces 
(see [IJiT], etc.). However, relatively little is known about the mean curvature flows 
of submanifolds in higher codimensions, see [16l [171 [SHI EU [22] etc. for example. 
Recently, Andrews-Baker [1 proved a convergence theorem for the mean curvature 
flow of closed submanifolds satisfying suitable pinching condition in the Euclidean 
space. 

On the other hand, Le-Sesum [12] and Xu-Ye-Zhao f25| obtained some integral 
conditions to extend the mean curvature flow of hypersurfaces in the Euclidean 
space independently. Later, Xu-Ye-Zhao (26| generalized these extension theorems 
to the case where the ambient space is a Riemannian manifold with bounded ge- 
ometry. 

For an n-dimensional submanifold M in a Riemannian manifold, we denote by 
g the induced metric on M . Let A and H be the second fundamental form and 
the mean curvature vector of M, respectively. In this paper, we first generalize the 
extension theorems in [121 [2S1 [26] to the mean curvature fiow of submanifolds in a 
Riemannian manifold with bounded geometry. 

Theorem 1.1. Let Ft : M"^ 7V"+'^ (n > 3) be the mean curvature flow solution of 
closed submanifolds in a finite time interval [0,r), where N has bounded geometry. 
If 

(i) there exist positive constants a and b such that \A\'^ < a\H\'^ + b for t £ [0,T), 

j_ 

(ii) ||-ff||a,Mx[o,T) = (/o^/Mt \II\'^dtXtdt^ " < CO for some a>n + 2, 
then this flow can be extended over time T. 

Let A be the tracefree second fundamental form, which is defined hy A = A — 
^g^H. Denote by 1 1 • | |p the L^-norm of a function or a tensor field. We obtain the 
following convergence theorems for the mean curvature fiow of closed submanifolds 
in the Euclidean space. 

Theorem 1.2. Let F : Af" [n > 3) be a smooth closed submanifold. Then 

for any fixed p > 1, there is a positive constant Ci depending on n,p,Vol{M) and 
||v4||„+2, such that if 

U\\p<Ci, 

then the mean curvature flow with F as initial value has a unique solution F : 
M X [0, T) — > in a finite maximal time interval, and Ft converges uniformly 

converge in 



to a point x G as t ^ T . The rescaled maps Ft — 



\/2"(T-t) 

C°° to a limiting embedding Ft such that Ft{M) is the unit n-sphere in some 
{n + 1)- dimensional subspace of R"'^'^. 

Theorem 1.3. Let F : M" — {n > 3) be a smooth closed submanifold. Then 
for any fixed p > n, there is a positive constant C2 depending on n,p, Vol{M) and 
||-ff||n+2, such that if 

U\\p<C2, 

then the mean curvature flow with F as initial value has a unique solution F : 
M X [0,r) in a finite maximal time interval, and Ft converges uniformly 

to a point x G as t ^ T . The rescaled maps Ft — ^^^^^ converge in 
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C°° to a limiting embedding Ft such that Ft{M) is the unit n-sphere in some 
{n + 1)- dimensional subspace of R'^^'^. 

As immediate consequences of the convergence theorems, we obtain the foUowing 
differentiable sphere theorems. First let Ci be as in Theorem 1.2, we have 

Corollary 1.4. Let F : M" (n > 3) be a smooth closed submanifold. If 

\\M\p<Cu 

for some p > 1, then M is difjeomorphic to the unit n-sphere. 

Similarly let C2 be as Theorem 1.3, we have 
Corollary 1.5. Let F : A/" — > (n > 3) 6e a smooth closed submanifold. If 

\\A\\p<C2, 

for some p > n, then M is difjeomorphic to the unit n-sphere. 

We remark that in the above theorems and corollaries, we can replace the volume 
Vol{M) by a positive lower bound of in which case our method works without 
change. 

The paper is organized as follows. In section 2, we introduce some basic equations 
in submanifold theory, and recall the evolution equations of the second fundamental 
form along the mean curvature flow. In section 3, by using the Moser iteration and 
blow-up method for parabolic equations, we prove Theorem ll.il Theorems 11.21 and 
11.31 are proved in section 4. In section 5, we propose some unsolved problems on 
convergence of the mean curvature flow in higher codimension. 

2. Preliminaries 

Let F : 7V"+'^ be a smooth immersion from an n-dimensional Riemannian 

manifold Af" without boundary to an (n + c?)-dimensional Riemannian manifold 
jyn+d^ We shall make use of the following convention on the range of indices. 

^ ^ h ji k, ■ ■ ■ < n, 1 < A, B,C, ■ ■ ■ < n -\- d, and n + 1 < a, /3, 7, • • • < n + d. 

The Einstein sum convention is used to sum over the repeated indices. 

Suppose {x*} is a local coordinate system on M and {y"^} is a local coordinate 
system on TV. The metric g = '^gijdx'^ (8) dx^ on M induced from the metric ( , ) 
on A'' by is 

--(-•(^)'--(^)>^ 

The volume form on M is dfi ~ y'deUjjijjdx. 

For any a; £ Af , denoted by NxM the normal space of M in N at point x, which 
is the orthogonal complement of TxM in F*Tp(^x)N. Denote by V the Levi-Civita 
connection on N. The Riemannian curvature tensor ^ of iV is defined by 

R{U, V)W = -Vt/VyVF + VyVc/VK + V[u,v]W 

for vector fields U, V and W tangent to N. The induced connection V on Af is 
defined by 

for X,Y tangent to M, where ( )^ denotes tangential component. Let R be the 
Riemannian curvature tensor of M. 
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Given a normal vector field ^ along M , the induced connection V on the normal 
bundle is defined by 

where ( )^ denotes the normal component. Let i?^ denote the normal curvature 
tensor. 

The second fundamental form is defined to be 

as a section of the tensor bundle T*M®T*M® NM, where T*M and NM are the 
cotangential bundle and the normal bundle over M . The mean curvature vector H 
is the trace of the second fundamental form. 
The first covariant derivative of A is defined as 

{VxA){Y, Z) = Vj,A{Y, Z) - AiVxY, Z) - A{Y, VxZ), 

where V is the connection on T*M (E) T*M (E) NM. Similarly, we can define the 
second covariant derivative of A. 

Choosing orthonormal bases {ei}"^^ for T^M and {ea}a=n^i for N^M, the 
components of the second fundamental form and its first and second covariant 
derivatives are 

{A{ei,ej),ea), 
{i^e,A){e^,ej),ea), 
((Ve,Ve,A)(e,,ej),ea). 

The Laplacian of A is defined by A/i^ = J^k ^fjkk- 

We define the tracefree second fundamental form Ahy A - 
components are Af^ = hf^ — ^h'^^Sij. Obviously, we have A"^ 

Let 

5(i?(ej,ej)efe,e;), 
{R{e-A,e.B)ec,e.D), 
{R-^{ei,ej)ea, ep). 

Then we have the following Gauss, Codazzi and Ricci equations. 

Ri]ki = Ri]ki + Kkh^i - hfih'jk, 

]-.a la fj 

'Hjk "-ikj ~ ^mjk, 

Suppose F : M x [0,T) — ^ is the mean curvature flow with initial value 
Fo : M — ^ N. We have the following evolution equations. 

Lemma 2.1 (^|20)). Along the mean curvature flow we have 

(2.1) ^d^lt = -\H\^d^it, 



— 

— 



— A~ ^^g® H, whose 
= 0. 



Rijkl 

Rabcd 

R-ijaf) 
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da a - 

'Ol^ij =^^i^- + RaijkM + RakikJ 

— '^Rlijkhff^ + '2-RaPjkh^j. + ^Rapikhj). 

— Rlkikhfj — Rlkjkhfi + Rakpkh^j 
"'im\"'jm'hl "-km'^jk) 
"'km\'^jm''-ik '''kra'^ij) 

-hi{h^,ih%i-hi,hl) 

where Rabcd,e the components of the first covariant derivative VR of R. 

Throughout of the paper, we assume that the submanifold is connected, and the 
ambient space A'' has bounded geometry. Recall that a Riemannian manifold is said 
to have bounded geometry if (i) the sectional curvature is bounded; (ii) the injective 
radius is bounded from below by a positive constant. We always assume that TV 
is a Riemannian manifold with bounded geometry satisfying —Ki < Kn < K2 for 
nonnegative constant Ki, K2, and the injective radius of N is bounded from below 
by a positive constant iat. 

3. The extension of mean curvature flow 

In this section, we prove the extension theorem for the mean curvature flow of 
submanifolds in arbitrary codimension. The following Sobolev inequality can be 
found in [8]. 

Lemma 3.1 ([8]). Let M" C N"^'^ be an n{> 2) -dimensional closed submanifold in 
a Riemannian manifold A^"+'' with codimension d > 1. Denote by ipf the positive 
lower bound of the injective radius of N restricted on M . Assume the sectional 
curvature Kn of N satisfies Kn < b^. Let h be a non-negative function on M. 
Then 



provided 

where 

Po = 



[ h^d^j) " <C{n,a) [ \\Vh\+h\H\\dfj., 

J M J J M L ^ 

b^{\ — a)^ " {lo^^V ol{supp ft))" < 1 and 2pQ < i^, 



b ^ sin ^ 6(1 — a) ^ {ujj^^Vol{supp h)) n f or b real, 
(1 — a)^~ {uj^^^Vol{supp ft))" for b imaginary. 

Here a is a free parameter, < a < 1, and 

C(n,a) = lit ■ 2''-^a-\l ~ a)-^ ^^LJn" . 
2 n — 1 

For b imaginary, we may omit the factor in the definition of C{n,a). 

Lemma 6.2. Let M" C N"+'^ be an n{> 3) -dimensional closed submanifold in a 
Riemannian manifold iV"+'^ with codimension d> 1. Assume Kn < K2, where K2 
is a nonnegative constant. Let f be a non-negative function on M satisfying 

(3.1) K2in + l)^iLu-'Volisupp f))^ <1, 



(3.2) 

Then 



l|V/||^> 
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iK:^^- sibT^ K^{n + l)^{uj-^Vol{supp /))- < In- 
[n - 2)2 



4(?i- 1)2(1 + s) 



Hill 



where Hq — maXxeM \H\, C{n) — C'{n, :;^^) and s > is a free parameter. 
Proof. For all g e C^M), g>0 satislying and Lemma [Q implies 

(3.3) llffll^ <C(n) / i\Vg\+g\H\)df^. 

JM 

2(n-l) 

Substituting g — f "-^ into p. 31) gives 



f^^d^l < 



M 



2("- 1), 
n-2 



C{n) f^-\VfW + C{n) Hf^^dfi. 



M 



M 



By Holder's inequality, we get 



M 



f — dfi] <Cin) 



2{n - 1) 
n-2 



A/ 



M 



M 



f"-^d^l 



M 



Then 



f—dfi] < C(n) 

'A/ 

This implies 



2(n- 1) 
n-2 



Af 



A/ 



'!2^ <C^{n) 

n-2 

which is desired. 



□ 



Now we establish an inequality involving the maximal value of the squared norm 
of the mean curvature vector and its L'^^^-norm in the space-time. 

Proposition 3.3. Suppose that Ft : Af" — 7V"+'^ (n > 3) is the mean curvature 
flow solution for t £ [0,Ta\, where N has bounded geometry. Then 



max \H\^{xA)<C 

{x,t)GMx[^,Ta] 



To 



JMt 



H\''+^dpLtdt 



where C is a constant depending only on n, Tq, sup^-^ ^jg^^^jQ jj^j \A\, Ki, K2 and 
In- 

Proof. In the following proof, we always denote by C the constant depending on 
some quantities. We make use of Moser iteration for parabolic equations. Here we 
follow the computation in [5]. From the evolution equation of the second funda- 
mental form in Lemma |2.1[ we have the following differential inequality. 



(3.4) 
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where (3 is a positive constant depending only on n, sup(^ j-jgjy/xfo.To] 1^1 1 -^i ^^'^ 
K2. For < i? < i?' < oo and x G M, we set 

{1 X e Bg(^o){x,R), 

?] e [0, 1] and I V77|g(o) < j^t^ x G Bg(o) (x, R') \ Bg(o) (a;, R), 

xeM\Bg^o){x,R'). 

Since supp rj C Bg(Q^{x, R'), we assume that R' is sufficiently small such that rj 
satisfies p.ip and p.2p with respect to (?(0). On the other hand, the area of some 
fixed subset in M is non-increasing along the mean curvature flow, hence 77 satisfies 
(|3TT|) and with respect to each g{t) for i e [0,ro]. Putting / = \H\'^ and 

B{R') — Bg(^fj){x,R'), the inequality p.4p implies that, for any g > 2, 



(3.5) 

'S(fl') J B{R') Jb{R') Q 01 

{rj^f-'AfdfM + Pfr^^) dfit - f -f'+'v^dfit 

B{R') JB{Rf) Q 



qdt 



< / {r,^r-'Afd^^t + Prv')d^it■ 
Jb{R') 

Here we have used the evolution equation of the volume form in Lemma |2. II Inte- 
grating by parts we obtain 

(3.6) 

/ .ff'^-^Afdf.t^-^^^^ f \S/{f^)\^df,t + ^ f iVryp/^dM, 
Jb{R'} Q Jb(r') 1 Jb(R') 



Jb(r') 



<-- f \^{fh)\'df,t + - [ iVrylV'dMt 
9 Jb(r>) 1 Jb(R') 



Q Jb{R') Q J b(R', 

Thus by p. 51) and p. 61) we obtain 

^ ^ / < - - / \'^{fh)?d^Jit 

Jb{R') 1 Jb{R') 



qdt 

(3.7) 

+ /3 



This implies 

d_ 

di 

(3.8) 



B(_R') Jb{R') 



<2 f iWrjl^fdfit + fSq [ rv^dfif 

Jb(R') JB(R') 



IB{R') JB(R') 

For any < r < t' < Tq, define a function ■)/) on [0, Tq] by 

< < < T, 
V^(i) = <( 7^ r<<<r', 

1 r'<t<To. 
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Then from p.8|) we get 

(3.9) 

d 



dt 



B(i?/) 



B[B') JB(Rf) 

For any t € [r',To], integrating both sides of (|3.9p on [t, t] imphes 
(3.10) 

JB(R') Jt' Jb(B') 

1 



I B(R.' 



< 2 



/ " / \Vv\^rdfltdt+ (l3q+^^) [ " [ 
Jt Jb(R') V t'-tJJ^ Js 



Pifdtitdt. 



T JB(R') 



By the Sobolev inequality in Lemma |3.2[ we obtain 



B(R/) 



(3.11) 



(n- 2)2 
CC'in)[l + ^)\\f^\\ 



where C depends on n and sup(^ f-|gjv/5<[Q y^jj |^|. Combining (I3.10p and (|3.1ip im- 
phes that 



< 



To 



To 



f'li^+i^r^^+idf.tdt 



B(R') 



B(R') 



dt 



B(R') 



< max 



tek'.To] \Jb{R') 



-4(n- 1)2(1 + s)C2(n) 



(n - 2)2 



l|V(/*r;)||S 



(3-12) +CC^(,)(i + i)||/l,,|| 
<C max 



<C 



/VdMt) X / ||V(/^r;)||2 + ||/f^|| 

teiT'.Tol yjB(R') 

\\/7frdfitdt 

B(B.' 



dt 



Pri^dntdt 



It JB(R') 

where we have put s — 1 and C is a constant depending only on n and ^VL'9{x,t)i^Mx[o,To 
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Note that \'V'i]\g(t) < |V77|^|.p^e", where / = maxo<t<To ll|f llg(t)- Thus 
Jt Jb(r') Jt Jb(b/) 



{R'-RYJ, Js 



for some positive constant C depending on n and sup^^ (-jgjyjxjg j^^j |^|. This to- 
gether with (|3.12p impHes that 



(3.13) 



To 



BiR) \ t' -T {R' ~ Ry 

Pdy.tdt\ 

B{R') J 



where C is a positive constant depending on n and sup^^, f)g^,jx[o,To] 1^1- 



Putting L(q, t, R) — /g^^^ fdfitdt, we have from (I3.13P 



(3.14) i(q(l + ^),r',i?) <c('/3<z + -^ 



2e' 



CTo \ 1 + 



(E' - i?)2 



L(g,T,i?') 



We set 



i?' 



/i = l + -, <Z. = ^M-, r..= (^l--^jt, ^^■ = y(1 
Then it follows from ([3TT4|) that 

1 

L((Jfc+l,Tfc+l,i?fc+l)"= + l 

■(n + 2)/3 1 4eC^^° 



,fe/2 ' 



2 M-l t i?'2 (^-1)2 

k 1 

X /Lt'fc L{qk,Tk,Rk)'"' ■ 



Hence 



-^('Zm+lj '''m+li ^m+l) ' 



(3.15) <C^^=° ''= + 1 



(n + 2)/3 ^2 I 4g 



CTo 



/i-1 i (Vm-1) 



X /i^'==" i L{qo,To,Ro)''o ■ 
As m — )■ +00, we conclude from p.isp that 

(3.16) /(-,*)<^-(^+^^)(l + ^)' 



"'Mt 



f^i^d^itdt 



for some positive constant C depending on 71, sup^/^jg t]j ^1 ^^^"^ -^2- 
Note that we choose R' sufficient small such that 



(3.17) 

and 

(3.18) 



K2in + l)^{Lj;;Wolg^o)iB{R'))i < 1, 
2K-Km-'Kl{n + l)^iLj-'Volg^o){B{R'))i < in- 
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For g{0), there is a non-positive constant K depending on n, maxxeAi„ \A\, Ki and 
K2 such that the sectional curvature of Mq is bounded from below by K. By the 
Bishop-Gromov volume comparison theorem, we have 

Volg^o){B{R')) <VolKiB{R')), 

where VoIk{B{R')) is the volume of a ball with radius R' in the n-dimcnsional 
complete simply connected space form with constant curvature K. Let R' be the 
largest number such that 

K2{n + l)i{uj-^VolK{B{R'))i < 1, 

and 

2K~^ sin-^ kI {n + 1)^^ {lo-^VoIk{B{R'))^ < iN- 

Then R' depends only on n, Ki, K2, in and sup^^ t)eAfx[o To] 1^1' ^'^'^ ^'-''s(o) {B{R')) 
satisfies ((XTTl) and ((XT5)) . This together with pTTBl) implies 

2 



max 

{x,t)eM X 



\H\^ix,t)<ci f ° f \H\^+^dtXtdt 



where C is a constant depending on n, Tq and &^'P(x t)£Mx[o Tq] 1^1' ^i' -^2 and 

IN- □ 

Now we give a sufficient condition that assures the extension of the mean curva- 
ture flow of submanifolds in a Riemannian manifold. 

Theorem 3.4. Let Ft : M" 7V"+'^ (n > 3) be the mean curvature flow solution 
oj closed submanifolds in a finite time interval [0,r). // 

(i) there exist positive constants a and b such that \A\'^ < a\H\'^ + b for t e [0,T), 

j_ 

(u) ||-ff|U,Afx[o,T) = \H\'^dtXtdt^ " < 00 for some a>n + 2, 

then this flow can be extended over time T . 

Proof. By Holder's inequality, it is sufficient to prove the theorem for a — n + 2. 
We will argue by contradiction. 

Suppose that the solution of the mean curvature flow can't be extended over T. 
Then the second fundamental form becomes unbounded as t — T. From assumption 
(i), \H\^ is unbounded either. 

First we choose an increasing time sequence t^"^ , i = 1, 2, • • • , such that T 
as I — > 00. Then we take a sequence of points x'*' e M satisfying 



= max |i?P(a;,t). 

(2:,t)eA/x[0,t(»)] 



Put 



then Q^^\i — 1,2,- •• is a nondecreasing sequence and limi^oo Q*-'-* — 00. This 
together with linii^oo i'*-* = T > implies that there exists a positive integer io 
such that Q^'^H^^^ > 1 and Q*^'^ > 1 for j > io. Let h be the Riemannian metric on 
N. For i > io and t e [0, 1], we consider the rescaled mean curvature flows 
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where g^'\t) = F^''\t)* {Q^''' h) . Let and A^'''> = ft,^]? be the mean curvature 
vector and the second fundamental form of F^'''>{t) respectively. Then we have 

(3.19) < 1 on M x [0,1]. 

From assumption (i) again, inequality p.lQp implies < C, where C is a 

constant independent of i. Since (N, h) has bounded geometry and Q*-*^ > 1 for 
* ^ ioj {N,Q''^^h) also has bounded geometry for i > io with the same bounding 
constants as {N,h). It follows from Proposition 13.31 that for i > io 

max \H^,^\^x,t) < C ( r f T'+^d^^,., (,)diy^\ 

(x,i)GMWx[i,i] V^o JAh y y> J 

where C is a constant independent of i. 

By [5], there is a subsequence of pointed mean curvature flow solutions 

: (M,5«(t),xW) ^ (Af,g«/i), t e [0, 1] 

that converges to a pointed mean curvature flow solution 

F(t) : (M,5(i),J)^i?"+^ <e [0,1]. 

Denote by H the mean curvature vector of F, i G [0, 1]. Then we have 

1 2 

max \H\\x,t) < \im C { I [ \Ht^,-,r+^dfig^.ut)dt' 

(3.20) 

< Inn C ( / / \H(^,)\''+^d^idt 

=0. 

The equality in (jX^ holds because /(f /^.^ \Hy^+'^ d^itdt < +00 and (Q^^^)"^ 
as J — >■ 00. On the other hand, according to the choice of the points, we have 

|ij|2(5?,l)= lim |i7(,)|2(x«,l) = l. 
This is a contradiction. □ 

Remark 3.5. When d — I, Theorem l3.4l generalizes the theorems in [T^ [351 US]- In 

fact, for A^"+i = we have the following computations. 

(i) If hij > -C for (x, t) e M X [0, T) with some C > 0, let A,, i = 1, • • • , n be 
the principal curvatures. Then Xi + C > 0, which implies that 

Xl(Ai + Cf < n(^(Ai + C)f < 2nH'^ + 2n^C^. 

i i 

On the other hand, 

Y^{K + Cf ^ \A\'^ + 2CH + nC^ > \A\'^ - + {n - 1)C^. 

i 

Hence \A\^ < {2n+l)H'^ + {2n^ - n + 1)C^ for t e [0,T). 

(ii) If 7f > at f = 0, then there exists a positive constant C such that |^|^ < 
CH'^ at i = 0. By f^, we know that > for i > and 

l(^) - (^) - V (^) ) - >v, V . ..f. 
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By the maximum principle we obtain that \A\'^ /H"^ is uniformly bounded from 
above by its initial data. Hence \A\'^ < CH'^ for t e [0,T). 

For general N"'^^ with bounded geometry, we have similar computations. Hence 
our Theorem 13.41 is a generalization. 



At the end of this section, we would like to propose the following 

Open Problem 3.1. Let Ft : M ^ N be the mean curvature flow solution of 
closed submanifolds in a finite time interval [0,r). Suppose ||a,Afx[o,T) < c» 
for some a > n + 2. Is there a positive constant uj such that the solution exists in 

[o,r + w)? 

4. The convergence of mean curvature flow 

In this section we obtain some convergence theorems for the mean curvature 
flow. The extension theorem proved in section 3 will be used to give a positive 
lower bound on the existence time of the mean curvature flow. 

We need the following Sobolev inequality for submanifolds in the Euclidean 
space. 

Lemma 4.1. Let M be an n{> 3) -dimensional closed submanifold in R"+''. Then 
for all Lipschitz functions v on M , we have 

71 -2 

f v^d^) " <Cn( [ \Vv\'^dfi+ [ liJr+^d/i [ v^dn 

Jm J \Jm JM JM 

where C„ is a positive constant depending only on n. 

Proof. The proof of the lemma for d — 1 was given in [12, . Using the same method 
we can prove the lemma for d > 1. □ 

Now we begin to prove the following convergence theorem for the mean curvature 
flow. 

Theorem 4.2. Let Fq : M" (n > 3) &e a smooth closed submanifold. Then 

for any fixed p > 1, there is a positive constant Ci depending on n,p, Vol{Mo) and 
||^||n+2j such that if 

U\\p<Cu 

then the mean curvature flow with Fq as initial value has a unique solution F : 
M X [0, T) —5- in a finite maximal time interval, and Ft converges uniformly 

to a point x G as t ^ T . The rescaled maps Ft ~ Ft-x converge in 

C°° to a limiting embedding Ft such that Ft{M) is the unit n-sphere in some 
{n + 1)- dimensional subspace of R"'^'^. 

Proof. We set A — ||y4.||„+2- Denote by T^ax the maximal existence time of the 
mean curvature flow with Fq as initial value. It is easy to show that Tmax < +oo 
(see [35] for a proof). 

We split the proof to several steps. 

Step 1. For any fixed positive number e, we first show that if 
(4.1) \\A\\p<e 

for some p > 1, then Tmax satisfies Tmax > To for some positive constant Tq depend- 
ing on n, p, A and independent of e, and there hold ||A(t)||„+2 < 2A, ||A(i)||p < 2e 
for t e [o,ro] . 
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Put 

T = sup{< e [0,T„,ax) : \\A{t)\[n+2 < 2A, \\A{t)\\p < 2e}. 

We consider the mean curvature flow on the time interval [0,T). 

By the definition of T we have /^.^^ \A\"-+'^dnt < (2A)"+2 for t € [0,r). From 
Lemma l4.fl we have for a Lipschitz function v, 



M J \Jm Jm 



(4.2) 

From (12.21). we have 



-\A\'<A\A\^ + cM\\ 
for some positive constant ci depending only on n. Putting u = \A\'^, we have 



(4.3) 

From (1131) and (^3]) we have 



9 . 2 

—u < Au + ciu . 
ot 



d f i±2 f n + 2 11+2 _, 9 /■ 21+2 d , 

U 2 — / u 2 —ndi^^ -|_ / u 2 —d^t 



dt 



Mt 



(4.4) 



JMt 

n + 2 



9i 



9i 



/ M (Au + cu )(i/i( — / H u 2 c?^( 



< - 



4n 
n + 2 



Mt 



+ 2 „ n + 2 / i±2 , -I , 

iVu 4 rd^itH ;^ci / u 2 +M^f. 

/Aft 



For the second term of the right hand side of (14. 4p . we have by Holder's inequahty 



(4.5) 



Aft 



Aft 



(u 2 ) dut 



Mt 



<[ u d^t 

hit 

<( / u^dfit 

'Mt 



u 2 d^t 



Mt 



(u"2 )^-^d^it 



Mt 



u 2 



Aft 



Aft 

<( / u'^dfit 

'Mt 



Mt 



Mt 



Mt 



+ n2(2A)"C„"+^ ( / u^d^it 

'Mt 

<n*(2A)"Cr^( / u^dfit) I u^diit 



Gn 



'Mt 

n Ti+2 
n + 2*^ 



n + 2 



Aft 



\Wu—\^dnt 



Mt 
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for any e > 0. Combining (|4.4p and (|4.5|) . we have 
(4.6) 



otJAit 2 V n + 2 J\ Jm, J 

An \ f ,^ "+2,2, 



2 



Picking e = ( — j ^ inequality (|4.6p reduces to 



(4.7) 



1/ \Ar+^dt,t<J I i^r+^dM* 

■/ J\/t V J Aft 



2 



where C2 = ^c, (^nt (2A)"C„"+^ + C„""^ • ^ |^ "("+2WC„^ ^ ^ ^ , 



From (j4.7l) . we see by the maximal principle that, for t € [0, min{T, Ji}), where 

C2/ 



Ti = -Vx^' there holds 



(4.8) \\A{t)\\u+2<\K. 

Now we consider the evolution equation of \A\'^ . By a simple computation, we 
have 

(4.9) <A|i|2 - 2|vi|2 + cM?\A\\ 

where C3 > ci is a positive constant depending only on n. 

Define a tensor i by if^ = if^ + (J'q'^Sij, where = 1. Set = |i| = 
(|A|2 + ndCT2)2 . Then from gS]) we have 

(4.10) -I'^-^^^^ + csl^l'/i.. 

at 

For any r > p > 1, we have 



For the second term of the right hand side of (j4.1ip . we have the following 
estimate. 
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(4.12) 



<(2A)2( / hld^^t 

'Alt 



2 

Tl + 2 








[I " 


a d^t 1 




\ JMt 





<(2A)^ / hldfit 

\JMt 

+ n'^(2A)"+2 



{K)^-d^,t 

Mt 

cj I iV/ilpd^it 

\J M 



Kjd^t 



M 



<{2KY[ / Kd^it 

I Mt 



+ nt(2A)"C„"+^ 
=nt(2A)"+2ar^ 

<nt(2A)"+2cr^ 



(-irt- 



\Vhl\^dfit 



M 



KdfJ-t 

M 

KjdlJ-t 



M 



h^dfit 



Mt 



\^hl\^dfit 



M 



hid fit 



M 



+ (2A)2C„"+^ ■ — 



(2A)^C, 



2,^71 + 2 



n + 2 



h^dfit 



Mt 



\VhS\^dfit, 



M 



for any fi > 0. Therefore, combining (j4.1ip and (|4.12p we have 



(4.13) 

-^f hldfit<[c:i{2kfC^' 

f JMt 



n Ti+2 4(r — 1) 
1^ " 12 



n + 2 



Mt 



+ C3 ( nt(2A)"+2ar"^ + {2Afcf' ■ — 



n + 2 



h^dfit 



M 



Choose fjL 
have 
(4.14) 
d_ 
dt 



{ srp-lp+r ) ' ^here a = c:i{2Kfci+^ ■ Then from 633), we 



r p 



3rp — Ap + r 

where cg = C3{2AfC^ and cg = cgn* (2A)"+2C^ ' ;rT2 ' cl- 



M 



(4.15) 



2/^11 + 2 

Let r = p. Then (|4.17p reduces to 
d 



^ [ h^dfit <C7 f Kdnt, 

JMt JM 
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where c^ = ^05 + ce ( 3^^) ' ^ • P- 
Letting cr -H- 0, (|4.15p becomes 



dt 



Wd^it < C7 / \A\Pdfit. 

Alt JM 



This imphes by the maximal principle that, for t G [0, min{T, r2}), where T2 = 

(n+2)ln ; ^ ^Jjgj.g holds 

(4.16) \\A(t)\\^<\e. 

Set To = min{ri, T2}. We claim that T > Tq- We prove this claim by contradic- 
tion. Suppose that T < Tq. Then dMl) and hold on [0,T). 

If T < Tinax, from the smoothness of the mean curvature flow we see that there 
exists a positive constant such that on [0, T + i9) we have 



P(t)||„+2 < ^A, ||i(t)||^<^e. 

This contradicts to the definition of T. 

If T = Tlnaxj we will show that the mean curvature flow can be extended over 
time Tmax^ 

From (|4.14p . we have 



(4.17) ^ / Kdiit + fl - 7) / \^h%\^diit < C8r"+i • / /i^dM, 



Mt ^ P' J Alt JM 



where cs — max|-%, — — — —\. 

As in the proof of Proposition for any r, r' such that < r < r' < T^ax — ^, 
and for any t G [r'jTniax ~ where is a small positive constant, we have from 

(4.18) 

/ hldy.t + (l--) I I \Vh^\''d^ltdt<{c^r^+^ + -^)('^^^ f Kd^tdt. 

jMt ^ Jt' JMt ^ r -tJ Jm, 

As in dXHI, we have by 

Jt' JMt 

(4.19) <^^^ max ( [ h^^dfitY ■ [ "'^^ ([ hf^' d^t) " dt 

<Cn" ■ max ( / h^'^dfit 

X / ([ |V/i|pd/it+n'^(2A)"+2 / hldfit)dt. 

Jt' \JMt JMt J 



Mt / Jt' \JMt 
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From (jlTTSl) and (gjH), we have 



(4.20) 



Mt 



hT^-U^itdt <C9 (^C8r"+i + ^7^) 



hJ^djitdt 

Mt 



where cg = C„" • max{l, n^" (2A)"+2ro • 
We put 



Jt JMt 

Then from (|4.20p we have 

i+— 

(4.21) j(^r(l + ly r') < cg (^cgr^+i + " J(r, t)1+^ 



We let 



^= 1 + ^' rfe =p/, Tfc = (^1 ^^^^ 



Notice that ^ > 1. From (|4.2ip we have 



Hence 

^ - 1 i 

As TO — +0O, we conclude that 
(4.22) 

Now let cr -> and — > 0. Then we have for t e [^%^, Tmax), 
|i|2(x,0 < C(n,p,A,e,T„ax) < +oo. 

This implies that 

\A\^ < a|7?|2 + 5 

on [0, Tjnax) for some positive constants a and 5 independent of t. On the other 
hand, we also have 

/ ""'^ / iHl^'+^dntdt < +00, 

Jo JMt 

since Tmax < +oo. Now we apply Theorem l3.4l to conclude that the mean curvature 
flow can be extended over time Tmax- This is a contradiction. This completes the 
proof of the claim. 

By the definition of T, for t G [0, Tq], we also have 

(4.23) ||A(i)|U+2 <2A, \\Ait)\\p<2e. 

This completes Step 1. 
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Step 2. We denote by Vol{Y,) the volume of a Riemannian manifold S, and set 
V ~ VoI{Mq). In this step we show that if we choose e sufficiently small, then at 
some time e [^,To], the mean curvature is bounded from bellow by a positive 
constant depending on n, p, V and A. 

Since the area of the submanifold is non-increasing along the mean curvature 
flow, we see that for t G [0,rniax), there holds 

(4.24) Vol{Mt) < V. 

Since Mt is a closed submanifold in the Euclidean space, by the total mean 
curvature inequality (for the proof see f3|), we have 

n^ujn < I Wrdfit < \HC,^{t)Vol{Mt) < \HC,^{t)V. 

JMt 

Here |i?|max(0 = max^t \H\{-,t). This implies that for t G [0,Tniax): there holds 

(4.25) |i?lLx(0 > n"u;,tV-' cio- 

On the other hand, by [18j . there is a positive constant cn depending only on n 
such that for t G [0, Tmax), we have 

diam{Mt) < cii [ |fr|"-M^t, 

where diam{Mt) denotes the diameter of Mt. This together with the Holder in- 
equality, and implies that for t £ [0,T,„ax) 

(4.26) diam{Mt) < cim"^ (2A)"" Ci2. 

Since T > To,we consider the mean curvature flow on [^,To]. 
As (11211), we have for t e Tq] 

re(n + l)(n + 2) ^ 71+2 

(4.27) |i| < (l + ^) " cf (c8p"+i + i^i±^) " . r| . 2e c,,e. 

Here C13 depends on n,p, V, A and is independent of e. 
For u = \ A\^, since ci < C3, we have by (|4.3p 

d 

(4.28) —u<Au + c3\A\'^u. 

at 

Then by a standard Moser iteration process as for in Step 1, we have for t G 
If. To] 

Here C14 = max{(^£i|p„ ^}, and C15 = • max{l, (2A)"+2ro • 

Set 

G=(i-^)|vip-K|ip. 

We consider the evolution inequality of G on [^,ro]. 
As in [T], we have 

Vt(vi) = V(Vti) + A * A * VA. 
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Here V is the connection on the spatial vector bundle, which for each t is agree 
with the Levi-Civita connection of g{t). The evolution equation of A is 

Vti = AA + A* A* A. 

On the other hand, we have 

V(Ai) = A(vi) + A * ^ * VA. 

Hence 

Vt(vi) = A(vi) + A*A* \JA. 

This implies 

(4.30) < A|vip + cirl^nvip, 
ot 

where cn is a positive constant depending only on n. Here we have used the 
inequality \V A\^ < ^^l^jV^p, which was proved in [1^. 
Combining (|4.9p and (|4.30p we have 

(4.31) l-G < AG + ((t - ^)ci7|A|2 - |vip + cal^nip. 



From g^T]), and (|OT|) . we have for t e [^,To] 

(4.32) < AG + (^(i - ^)ci7Ci6 - 1^ |vip + cacie^e^. 

Set Ta = min{To, ^ + ^7;^}. Then ^ < T3 < Tq. For t e [^,T3], we have fror 
(I432| 

^G< AG + C3Ci6C?3e2. 
By the maximal principle, this implies 

G(i)-G(^)<c3Ci6c?3(i-f)e^ 

for te[^,T3]. Hence 

(t-|)|viP<|ip(^)+C3C,ec?3(t-^)e 

9 9 9 Z' \ 9 

<Ci3e +c3Ci6Ci3(^i- yje 
Then for t e (^,r3], there holds 

(4.33) ivip < ^^^s' + C3Ci6C?3£'. 



2 



On the other hand, from [T], we know that |Vff p < 2{n-i) \'^^\'^ ■ Therefore, (lOSj) 
implies that at t = T3, we have 

(4.34) I Vil p < . ( ^AtT + ^3Ci64l £^ := cj^e'- 



2{n- 



1) V(T3-f) 



Now we consider the submanifold Mt-^ at time T3. Let x,y G Mt^ be two points such 
that \H\{x,n) = |i?Uin(r3) := niinM^3 |i?|(-,T3) and |if|(2/,r3) = \H\^UT^) 
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maxA/y^ \H\{-, T3). Let I : [0, L] — > Mt^^ be the shortest geodesic such that l{0) — x 
and 1{L) y. Define a function : [0, i] ^ i? by 7/(s) = \H\^(l{s), T3) for s e [0, L\. 
Then 77(0) = |i7|^i„(T3) and 77(2.) = |i/|2^^^(T3). By the definition of 77, we have 



77(s) 



< 



(V|i?na(s),r3) 



< 



2(|i7||vi/|)(;(s),r3) 



This together with (|429)) and (|4?34l) implies 



(4.35) 

Then we have 

(4.36) 7?(L) - ry(0) 



as 



< 2n2ci6Ci8£. 



Combining (g^B, and (gSSl), we obtain 



(4.37) 



l^^liin(T3) > Cio - Cige, 



where cig = 2n2 ciqCisCi2- We put 



Then if e < £1, (|4?37|) imphes that 



£1 



ClO 



2c 
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(4.38) 



ClO 



.(T3) > ^ 



Step 3. In this step, we finish the proof of Theorem 14.21 
Consider the submanifold Mt^. Set 



£2 



-10 



for n > 4, and S2 



-10 



[2n{n-lpci3 " ' " 3V2ci3 

By (|4.27p and (|4.38p . we see that if £ < min{ei,e2}, then 



\A\^{T,)<cl^el 



\h\Ht,) < 



\H\HT3) 
n- 1 



for n : 



for n > 4, 



and 



|v4|^(T3) < -|i/p(r3) /or n = 3. 



We pick Ci = min{ei,e2}, which depends only on n, p, 1/ and A. Then by the 
uniqueness of the mean curvature flow and the convergence theorem proved in [I] , 
we conclude that the mean curvature flow with initial value Fq converges to a round 
point in finite time. This completes the proof of Theorem 14.21 

□ 

Corollary 4.3. Let Fq : Af" {n > 3) be a smooth closed submanifold. 

Suppose that the mean curvature is nowhere vanishing. Then for any fixed p > 1, 
there is a positive constant C[ depending on n, p, miuA/g \H\ and ||A||„+2, such 
that if 

\\M\v<c[. 

then the mean curvature flow with Fq as initial value has a unique solution F : 
AI X [0,r) — > in a finite maximal time interval, and Ft converges uniformly 

to a point x £ as t — > T. The rescaled maps Ft ^ — Ft-x 



y/-in{T-t) 



converge m 
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C°° to a limiting embedding Ft such that Ft{M) is the unit n-sphere in some 
{n + 1)- dimensional subspace of R'^^'^. 



Proof. It is easily to see that we can choose Ci in Theorem 14.21 such that Ci = 
Ci(n,p, y, ||A||„4-2) depending on n, p, ||^||„+2 and the upper bound V of the 
volume of Mq. Since 



n+2 > n2||ff||„+2 > n^Vol{Mo)^+^ min|i?|, 

Mo 

we have 

VoliM) < n-^{min\H\)-(-+^mA\\-Xl V . 

Mq 

Then by Theorem 14. 2[ we can pick C[ = Ci(n,p,V' ,\\A\\n+2), which depends on 
n, p, miuMo l^^l and ||A||„+2. 

□ 

Theorem 4.4. Let Fq : A/" — > {n > 3) be a smooth closed submanifold. Then 

for any fixed p > n, there is a positive constant C2 depending on n,p, Vol{M()) and 
1 1 -ff 1 1 n+2; such that if 

U\\p<C2, 

then the mean curvature flow with Fq as initial value has a unique solution F : 
M X [0, T) — ^ in a finite maximal time interval, and Ft converges uniformly 



_ Ft-x 



converge m 



to a point x G i?"^'' as t ^ T . The rescaled maps Ft — , 

C°° to a limiting embedding Ft such that Ft{M) is the unit n-sphere in some 
{n + 1)- dimensional subspace of R"'^'^. 

Proof. The idea to prove Theorem 14.41 is similar to the proof of Theorem 14.21 We 
set A = ||i/||„+2. Suppose 

(4.39) \\A\\p<e 
for some fixed p > n and e £ (0, 100]. Set 

T' = sup{t £ [0,T„iax) : \\H\\n+2 < A, \\A\\p < 2e}. 

As in the proof of Theorem 14. 2[ we consider the mean curvature flow on the time 
interval [0,r'). 

For l-ffp, we have the following inequality (see [Ull^ for the derivation) 

^\H\^ < A\H\^ -2\VH\^ + C2o\A\'\H\', 
ot 

for some positive constant C20 depending only on n. Set w = \H\'^. Then 

(4.40) yj <Aw + C2q\A\''w+—w^. 

ot n 

From (I4.40p we have for r > 1 



r dt 
(4.41) 



Id [ 4(r-l) 
- 77: / w dfit < 5 



Mt 



+ C20 I \A\^W^dtlt + — / W^+'dflt. 



Mt " JMt 



Now we let r — As in (|4.5p . we have 
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(4.42) 



n 



n + 2 



Mt 



for any e > 0. 

As in (|4.12p . we have 



\AYw—diit <(200)^C„"+' / vj—diit 
(4.43) + (200)"+2C^ • I w'^dfit 



(200)"+2C„^ • ^M"^ / l^w'^l'df.t, 
n + 2 Jj^.f 



for any /x > 0. 

Therefore, combining (|4.4ip . (|4.42p and (|4.43p we have 



(4.44) 

2 a 



T+2 " 



^9 ri, I ^ C2o(2oo)"+^ar^= • — ^M"^ + ^ • ar- ^ 

n + 2 ./Mt \ rt + 2 n ?i + 2 



8n 



(n + 2) 



J Aft 



+ c2o( (200)2ar^ + (200)"+2C„""^ • 

n + 2 



Mt 



Now we pick 

/c2o(200)"+2C,r^ . + so . . ^ 



Jm-4 



(«+2)^ 

Then from (j4.44p . we have 

(4.45) ^ /" w^d^t<C2i I w^dfit + C22( [ w^dfit) , 

CtJMt JMt \JMt / 

where C21 and C22 are positive constants depending only on n. 

Let p{t) be the positive solution to the following Bernoulli equation 



d 2 
-t:P=c2iP + C22P , 
dt 



p(0) 



n+2 
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Then 



Pit) = — 



A^ 



£22 _ £22.gt 

C2I C21 



2 In 



VC22A" 



+ 1 



2C21 



Let T{ > such that p{t) < (2A)"+2 for i e [Q, T{]. Then by the maximal principle, 
we see that for t e [0, min{T', T^}), there holds 



w 2 dut < {-A, 



Mt 



or equivalently, 
(4.46) 

Next, from (|4.10p we have 



\H{t)\U^<-k. 



(4.47) ^h„<^K^cM\'K+^-^\H\''K 
at n 



(4.48) 



From (|4.47l) we have for r > 1 

J Mt " JMt 

As in (|4.12p . we have for r > p > n, there holds 



(4.49) 



M 



(200)Pci • 



n _p 
P 



Kd^t 



Mt 



{2myc^ ■ -v-^ I \whl\^dfit, 



M 



and 



(4.50) 



\H\'h';^dtit <{2ooyCn+' / hidfi: 



Mt 



M 



+ (200)"+2C„"+^ 



n + 2 



Q 



hldfit 



Mt 



(200)"+-'G 



n+2^ Ti+2 



n + 2 



M 



for any ly, g > 0. 
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From dMll), (|4:49l) and (|430| . we have 
(4.51) 

4(r- 1)^ 



\Vh3\'dfit 

Mt 

C3 (200)2^1 +C3(200)fc| • 

P 

■ (200)2c„^ + ^ • (200)"+2c„^ • ) / Kd^it. 



Pick 

Z/"+2 = g = 

Since r > p > n, then 



C3(200)PC„' • ^ + f (200)"+2C„"+^ • ;iT2 \ ^ 



3r-4 



^ / C3 (200)Pa„- • f + f (200)"+2C^'+^ • ;7T2 \ ^ ^ 

Then from (14.511) . we have 

(4.52) ^/ hld^lt+ [ \Vh3fdfj.t<C2ir^ [ Kd^, 

(J* JMt JMt JMt 

where 

p — n 



C24 



max ( €3(200)2(71 + — • (200)2C„"+' , c^^" ■ 03(200)^ cj 
In 



P 

n + 2 
2 

23 



^ • (200)"+2C^'"^ -^-V 
n n + 2 } 



n n + 2 

Letting r = p, we have from (I4.52p 

(4.53) ^ / hld^lt < C24P^ f KdiJLt. 

O't J Mt J Mt 

Now we apply the maximal principle and let tr — > 0. Then for t e [0, min{r', 72}); 
where T2 = 0^4 there holds 

\\A{t)\\,<^-e. 

Set r,5 = min{r{,T^}. As in the Step 1 of the proof of Theorem H^l we can 
prove that T' > Tq by contradiction. In fact, from the smoothness of the mean 
curvature flow we exclude the case where T' < Tj^ax- For the case where T' = Tmax, 
since we have (I4.52[) . which has similar form as (|4.17p . we can apply the standard 
Moser process to obtain the following estimate for small 9 > 0. 

(4.54) 

^£±i ^ {n + 2)^\ 2" 



h^ix,t)<[l + -\ c|^c24p3^ + ^^-^ ) (/ / hPdfltdt 



Mt 
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Here C25 = ■ niax{l, (2A)"+2r^}. 

Now we let CT — ^ and -> 0. Then we have for t S [^^f^, T„iax)) 

\AWx,t) < C"(n,p,A,e,T,nax) < +00. 

This imphes that 

\A\^ < a'\H\^ + b' 

on [0,Tmax) for some positive constants a' and b' independent of t. On the other 
hand we also have /q /m \H\"'^'^diJ.tdt < +00. Applying Theorem 13.41 we con- 
clude that the mean curvature flow can be extended over time Tmax- This is a 
contradiction. 

We consider the mean curvature flow for t e [^,Tq]. As (|4.54p . we have 

(4.55) \A\{x,t)<i^l + -j [c2ip— + -^TfT-j • 2e := C27£. 

By (|4.40p . we have 

at n 

Then similarly as (|435)) . we get for t G [^,^0] 
(4.56) 

|i/p(x,0 < (1 + ^) ^ct' {c,r{n + 2)"+i + i!i±|l!)r^^ . (2A)2 := c,,. 
Here 

1+2 Ti 2 



; |c2o(200)2C„""^ + ^ • (200)2C„""^ , 4^ • C2o(200)"+2ar 
47^ ■ ^ • (200)"+2C„" 



n n + 2 



n n + 2 ) 

C28 = ■ max{l, (2A)"+2t^}, 

and 

'c3(200)"+2ar^ • + f (200)"+2C„^ . ^ 



^23 



3n + 2 



By (|T55l) and we have 



(4.57) \A\^{x, t) < cl^lOO^ + — := C30, 

71 

for i e T,;]. As in Step 2 of the proof of Theorem US we have for t e [0, T^ax), 
there hold 

(4.58) \H\l.At) > n"c.„F-i C31, 
and 

(4.59) diam{Mt) < cii(2A)"-V^ C32, 
where V = Vol{Mo). 
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Using a similar argument, for t e [^jTg], where Tg = minjTQ, ^ + -^r^z^}: we 
have 

(4.60) I ViJ p < . ( + c,c,,cl,] cl,e\ 



2{n-l) 



Combining (|4.58p . (|4.59p and (|4.60p . we obtain that, at time Tg, there is 

, C31 



such that if £ < e[, then 



1 — 1 ' 

2n2C30C32C33 



(4.61) |i^lL„(r^) > ^• 



Set 

^1 _ ^31 



for n > 4, and = — — for n = 3. 



[2n(n- 1)]5C27 " ' 3V2C27 

By (1427)) and (|438t . we see that if e < min{ei,4, 100}, then 

\A\'{n)<cl,el + -\H\\n)<'^^^^ for n > 4, 
n n — 1 

and 

I^P(T^) < ^l^P(r^) for n^Z. 

Then we can pick C2 = min{e']^,e2, 100}, which depends only on n, p, 1/ and A, 
and this completes the proof of Theorem 14.41 □ 

Using a similar argument as in the proof of Corohary 14.31 have fohowing 

Corollary 4.5. Let Fq : A/" {n > 3) be a smooth closed submanifold. 

Suppose that the mean curvature is nowhere vanishing. Then for any fixed p > n, 
there is a positive constant C2 depending on n, p, miuA/o 1^1 and \\H\\n+2, such 
that if 

\\M\p<c'2, 

then the mean curvature flow with Fq as initial value has a unique solution F : 
M X [0, T) — > i?"^'' in a finite maximal time interval, and Ft converges uniformly 
to a point x G i?"^'' as t ^ T . The reseated maps Ft — converge in 

C°° to a limiting embedding Ft such that Ft{M) is the unit n-sphere in some 
{n + 1)- dimensional subspace of R"'^'^. 

5. Open Problems 

In this section, we propose several open problems for the convergence of the 
mean curvature flow of submanifolds. Denote by F"^'^{c) the (n + (i)-dimensional 
complete simply connected space form of constant sectional curvature c. Let Al be 
an n-dimensional closed oriented submanifold in _F'""'"''(c) with c > 0. Shiohama- 
Xu [15] showed that if \A\'^ < a{n,H,c), then M is homeomorphic to a sphere for 
n > 4, or diffeomorphic to a spherical space form for n = 3. Here 

nH^ n — 2 

ain, H, c)=nc+ - ^(^^ VH^+<n-l)cm. 
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In [27], Xu-Zhao proved several differentiable sphere theorems for submanifolds 
satisfying suitable pinching conditions in a Riemannian manifold. Recently, Xu- 
Gu strengthened Shiohama-Xu's topological sphere theorem for c = to be a 
differentiable sphere theorem. Motivated by these sphere theorems and the con- 
vergence theorem for the mean curvature flow due to Andrews and Baker [1], we 
propose the following 

Open Problem 5.1. Let M he an n-dimensional (n > 2) smooth closed submani- 
fold in F"^'^{c) with c > 0. Let Mt he the solution of the mean curvature flow with 
M as initial suhmanifold. Suppose M satisfies 

\Af < a{n,H,c). 

Then one of the following holds. 

a) The mean curvature flow has a smooth solution Mt on a finite time interval 
< t < T and the Mt 's converge uniformly to a round point as t ^ T. 

h ) The mean curvature flow has a smooth solution Mt for all < t < oo and the 
Mt 's converge in the C°° -topology to a smooth totally geodesic suhmanifold M^o in 
F"+'^{c). 

In particular, M is diffeomorphic to the standard n- sphere. 

In [2] , Shiohama-Xu obtained a topological sphere theorem for closed submani- 
folds satisfying \ \A\\n < C{n) in F""'"''(c) with c > for an explicit positive constant 
C(n) depending only on n. The following problems arise out of this topological 
sphere theorem and our convergence theorems. 

Open Problem 5.2. Let M he an n-dimensional {n > 2) smooth closed suhmani- 
fold in . Let Mt be the solution of the mean curvature flow with M as initial 
suhmanifold. Then there exists an positive constant D{n) depending only on n, 
such that if M satisfies 

\\A\\n<D{n), 

then the mean curvature flow has a solution Mt 's on a finite time interval [0,T) 
and Mt converges uniformly to a round point. In particular, M is diffeomorphic to 
the standard n-sphere. 

For any 4-dimensional compact manifold M which is homeomorphic to a sphere, 
we hope to show that there exists an isometric embedding of the 4-sphere into 
an Euclidean space such that \\A\\a is small enough in the sense of Theorems 1.2 
or Open problem 15.21 In fact, Shiohama and the second author [M] proved that 
for any 4-dimensional compact suhmanifold M in an Euclidean space, we have 
II^IU > C'C^f^i/^i)"^/*, where C is a universal positive constant and Pi is the i-th 
Betti number of M, i = 1,2,3. Therefore it's possible to isometrically embed a 
topological 4-sphere into an Euclidean space with small upper bound for ||A||4. If 
this can be done, then we can deduce that M is diffeomorphic to a sphere. This 
may open a way to prove the smooth Poincare conjecture in dimension 4 which is 
now one of the most challenging problems in geometry and topology. 

In general, for a homotopy sphere M , we can try to find its embedding in Eu- 
clidean spaces with small integral norm ||A||„. Our results on mean curvature flow 
of arbitrary codimension reduce the problem of proving whether M is diffeomorphic 
to a sphere to the problem of finding the optimal embeddings of M into Euclidean 
spaces. 
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Open Problem 5.3. Let M be an n-dimensional (n > 2) smooth closed submani- 
fold in F'^^'^{c) with c > 0. Let Mi be the solution of the mean curvature flow with 
M as initial submanifold. Then there exists an positive constant E{n) depending 
only on n, such that if M satisfies 

||i||„ < E{n), 

then one of the following holds. 

a) The mean curvature flow has a smooth solution Mt on a finite time interval 
<t <T and the Mt 's converge uniformly to a round point as t ^ T. 

b) The mean curvature flow has a smooth solution Mt for allO <t < oo and the 
Mt's converge in the C°° -topology to a smooth totally geodesic submanifold M^o in 
F^+'i(c). 

In particular, M is diffeomorphic to the standard n-sphere. 
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